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SUBMAXIMALLY SYMMETRIC
C-PROJECTIVE STRUCTURES
BORIS KRUGLIKOV, VLADIMIR MATVEEV, DENNIS THE
Abstract. C-projective structures are analogues of projective
structures in the almost complex setting. The maximal dimen-
sion of the Lie algebra of c-projective symmetries of a complex
connection on an almost complex manifold of C-dimension n > 1
is classically known to be 2n2+4n. We prove that the submaximal
dimension is equal to 2n2 − 2n + 4 + 2 δ3,n. If the complex con-
nection is minimal (encoded as a normal parabolic geometry), the
harmonic curvature of the c-projective structure has three compo-
nents and we specify the submaximal symmetry dimensions and
the corresponding geometric models for each of these three pure
curvature types. If the connection is non-minimal, we introduce a
modified normalization condition on the parabolic geometry and
use this to resolve the symmetry gap problem. We prove that
the submaximal symmetry dimension in the class of Levi-Civita
connections for pseudo-Ka¨hler metrics is 2n2−2n+4, and special-
izing to the Ka¨hler case, we obtain 2n2− 2n+3. This resolves the
symmetry gap problem for metrizable c-projective structures.
Introduction and Main Results
Let ∇ be a linear connection on a smooth connected almost complex
manifold (M2n, J) of C-dimension n ≥ 2. We will assume throughout
∇ is a complex connection, which means ∇J = 0⇔∇X(JY ) = J∇XY
for all vector fields X, Y ∈ D(M). Every almost complex manifold has
a complex connection, and the map ∇ 7→ 1
2
(∇− J∇J) is a projection
from the space of all connections to the space of complex connections.
The torsion T∇ ∈ Ω
2(M)⊗D(M) of a complex connection ∇ needs
not vanish. Its total complex-antilinear part T−−∇ ∈ Ω
0,2(M) ⊗ D(M)
is equal to 1
4
NJ , where
NJ(X, Y ) = [JX, JY ]− J [JX, Y ]− J [X, JY ]− [X, Y ]
is the Nijenhuis tensor of J . In particular, for non-integrable J , the
complex connection ∇ is never symmetric. However the other parts of
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T∇ can be set to zero by a choice of complex connection. There always
exist minimal connections ∇ characterized by T∇ = T
−−
∇ , see [Lic].
Recall that two (real) connections are projectively equivalent if their
(unparametrized) geodesics γ, given by ∇γ˙ γ˙ ∈ 〈γ˙〉, are the same (here
〈Y 〉 denotes the linear span of Y over C∞(M)). Thus equivalence
∇ ∼ ∇¯ means ∇XX − ∇¯XX ∈ 〈X〉 ∀X ∈ D(M), and any connection
is (real) projectively equivalent to a symmetric one: ∇ ≃ ∇− 1
2
T∇.
A natural and actively studied analogue of projective equivalence
in the presence of a complex structure is c-projective equivalence (also
known as h-projective or holomorph-projective equivalence [Ta, Y, Mi]).
Let us recall the basic definitions. A J-planar curve γ is given by the
differential equation ∇γ˙ γ˙ ∈ 〈γ˙〉C = 〈γ˙, Jγ˙〉. Reparametrization does
not change this property. Actually, by a reparametrization one can
achieve α = 0 in the decomposition
∇γ˙ γ˙ = αγ˙ + βJγ˙,
and then β is invariant up to a constant multiple (in general, the
function I = (α + ∇γ˙)(β
−1) is an invariant of reparametrizations).
Geodesics correspond to β = 0 (singular value for I). As complex
analogues of geodesics, J-planar curves are of considerable interest in
complex and Ka¨hler geometry, see e.g. [Is, ACG, KiT, MR1].
Two pairs (J,∇) on the same manifold M (with ∇J = 0) are called
c-projectively equivalent if they share the same class of J-planar curves.
It is easy to show that the almost complex structure J is restored up
to sign by the c-projective equivalence, and we will fix the structure J
(this does not influence the symmetry algebra)1. Thus we arrive to:
Definition. Two complex connections on an almost complex manifold
(M,J) are c-projectively equivalent ∇ ∼ ∇¯ if they have the same J-
planar curves, i.e. ∇XX − ∇¯XX ∈ 〈X〉C ∀X ∈ D(M). A c-projective
structure is an equivalence class (M,J, [∇]).
This equivalence can be reformulated tensorially for (complex) con-
nections ∇, ∇¯ on (M,J) with equal torsion T∇ = T∇¯ as follows: ∇ ∼
∇¯ = ∇+Id⊙Ψ−J⊙J∗Ψ for some 1-form Ψ ∈ Ω1(M). In other words,
∇¯ is c-projectively equivalent to ∇ if and only if
∇¯XY = ∇XY +Ψ(X)Y +Ψ(Y )X −Ψ(JX)JY −Ψ(JY )JX
(notice that T∇ = T∇¯), see [OT, Is, MS].
We will show that it is possible to canonically fix the torsion within
one c-projective class. For minimal connections the torsion is already
1By this reason we sometime talk of c-projective equivalence of complex connec-
tions ∇ on the fixed almost complex background (M,J).
SUBMAXIMALLY SYMMETRIC C-PROJECTIVE STRUCTURES 3
canonical (=1
4
NJ), but in general a complex connection is not c-projec-
tively equivalent to a minimal one (in particular, to a symmetric com-
plex connection, cf. the real case). We will demonstrate that the
obstruction to finding a minimal connection in the c-projective class
[∇] is the following part of the torsion
T−+traceless(X, Y ) =
1
4
(
T∇(X, Y ) + JT∇(JX, Y )− JT∇(X, JY )
+ T∇(JX, JY )
)
− 1
2n
(
ς(X)Y + ς(JX)JY
)
,
where ς(X) = 1
2
Tr
(
T∇(X, ·) + JT∇(JX, ·)
)
= 1
2
(XaT bab + J
a
kX
kT cabJ
b
c ).
This invariant of c-projective structure is called κIV in Section 4, where
we elaborate the general case (non-minimal connections), and prove an
equivalence of categories between c-projective structures and parabolic
geometries of type SL(n + 1,C)R/P with a modified normalization.
A vector field v is called a c-projective symmetry if its local flow
Φvt preserves the class of J-planar curves. Equivalently, a c-projective
symmetry is a J-holomorphic vector field v such that its local flow
transforms ∇ to a c-projectively equivalent connection: (Φvt )
∗J = J ,
[(Φvt )
∗∇] = [∇]. The first equation can be re-written as LvJ = 0.
The second equation, written as Lv[∇] = 0, can be expressed in local
coordinates, with the connection ∇ given by the Christoffel symbols2
Γijk, as follows:
Ωijk − φjδ
i
k − φkδ
i
j + φαJ
α
j J
i
k + φαJ
α
k J
i
j = 0,
where Ωijk = Lv(Γ)
i
jk and φj =
1
2(n+1)
Ωiji (notice that this manifestly
non-symmetric formula implies LvT∇ = 0). We use these equations in
computing symmetries of the explicit models.
The space of c-projective vector fields forms a Lie algebra, denoted
cp(∇, J). It is well known (and we recall in the next section) that the
maximal dimension of this algebra is equal to 2n2+4n, and this bound
is achieved only if the structure is flat , i.e. c-projectively locally equiv-
alent to CP n equipped with the standard complex structure Jcan and
the class of the Levi-Civita connection ∇FS of the Fubini-Study met-
ric. Indeed, the group of c-projective symmetries of this flat structure
(CP n, Jcan, [∇
FS]) is PSL(n+ 1,C), and its Lie algebra is sl(n + 1,C).
For many geometric structures the natural (and often nontrivial)
problem is to compute the next possible/realizable dimension, the so-
called submaximal dimension, of the algebra of symmetries, see [E2,
Ko, K3, KT] and the references therein.
For the algebra of (usual) projective vector fields the question was
settled in [E1]. For c-projective vector fields the answer is as follows.
2Our index convention is that ∇∂j∂k = Γ
i
jk∂i.
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Theorem 1. Consider a c-projective structure (M,J, [∇]). If it is not
flat3, then dim cp(∇, J) is bounded from above by
S =
{
2n2 − 2n+ 4, n 6= 3,
18, n = 3.
and this estimate is sharp (= realizable).
We will show that the dimensional bound 2n2 − 2n+ 4 is realizable
via both non-minimal and minimal complex connections.
Let us now discuss the minimal case. By [H, CEMN] the corre-
sponding c-projective structures can be encoded as (regular4) normal
parabolic geometries of type SL(n + 1,C)R/P , we will recall the setup
in the next section. The fundamental invariant of any regular normal
parabolic geometry is its harmonic curvature κH , through which the
flatness writes simply as κH = 0. As will be discussed in the next sec-
tion, for c-projective structures (J, [∇]) with minimal ∇ the harmonic
curvature has three irreducible components κH = κI + κII + κIII.
According to [KT], the submaximal dimension is attained when only
one of the components of the curvature is non-zero (provided the uni-
versal upper bound is realized, see loc.cit. for the precise statement; in
our case this condition is satisfied). Thus we can study a finer question,
namely what is the maximal dimension of the algebra of c-projective
vector fields, in the case the curvature is non-zero and has one of the
types I-III. Let Si be the maximal dimension of the algebra cp(∇, J)
in the case ∇ is not flat, and its curvature has fixed type i.
Theorem 2. For c-projective structures (M,J, [∇]), associated with
minimal complex connections ∇, the submaximal dimension of cp(∇, J)
within a fixed curvature type is equal to
SII = 2n
2 − 2n+ 4.
SI =
{
2n2 − 4n+ 10, n > 2,
6, n = 2.
SIII =
{
2n2 − 4n+ 12, n > 2,
8, n = 2.
Let us list the first values of the submaximal dimensions:
SubMax Dim n = 2 n = 3 n = 4 n = 5 n = 6 . . .
Type I 6 16 26 40 58 . . .
Type II 8 16 28 44 64 . . .
Type III 8 18 28 42 60 . . .
Sharpness in the dimension estimates will be obtained by exhibiting
the explicit models and their symmetries, and we get S = maxSi.
3That is in a neighborhood of at least one point of M the c-projective structure
is not locally equivalent to (CPn, Jcan, [∇
FS]).
4For |1|-graded geometries the regularity condition is vacuous; in particular it
can be dropped for c-projective structures.
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Corollary 1. Consider a complex manifold (M,J) with a complex sym-
metric connection ∇. If the c-projective structure (J, [∇]) is not flat,
then its symmetry dimension does not exceed S0 = 2n
2 − 2n + 4 and
this upper bound is realizable.
On the way to proving Theorem 2 we establish two general results
about the symmetry gap problem for real parabolic geometries (Propo-
sitions 1 and 2), which generalize some results of [KT] and are of inde-
pendent interest.
An important problem in projective differential geometry is to deter-
mine if a given projective connection is metrizable. In the c-projective
case, the corresponding problem is to determine if the structure (J, [∇])
is represented by the Levi-Civita connection ∇g of a pseudo-Ka¨hler5
structure (g, J), where g is a metric and J a complex structure (re-
lated by J∗g = g, ∇gJ = 0; in particular, J is integrable). For such
structures we also compute the submaximal symmetry dimension.
Theorem 3. For a Ka¨hler structure (M, g, J) of non-constant holo-
morphic sectional curvature dim cp(∇g, J) ≤ 2n2− 2n+3. This bound
is realized by (M = CP 1×Cn−1, J = i) with its natural Ka¨hler metric.
For a pseudo-Ka¨hler structure (M, g, J) of non-constant holomor-
phic sectional curvature we have: dim cp(∇g, J) ≤ 2n2 − 2n + 4. This
estimate is sharp in any signature (2p, 2(n− p)), 0 < p < n.
Thus the submaximal symmetry dimension S0 = 2n
2 − 2n+ 4 from
the above corollary is realizable by a pseudo-Ka¨hler metric. In fact,
the submaximal c-projective structure with complex J and symmetric
connection ∇ preserving J and having curvature type II is unique and
metrizable (compare this to the real projective case [KM], where the
submaximal structure is not metrizable). The corresponding pseudo-
Ka¨hler metric(s), given by formula (8), will be described in detail.
It seems plausible that the above result about Ka¨hler structures ex-
tends to a larger space of c-projective structures associated to almost
Hermitian pairs (g, J). These are given by ∇ obtained uniquely from
the conditions: ∇g = 0, ∇J = 0. We conjecture that all submaximal
c-projective structures in this class are associated to Ka¨hler structures.
In Appendix A we give a detailed account of how the submaximal
model for an exceptional case (type III, n = 2) is constructed. We
discuss the uniqueness issue of the submaximal models in Appendix B.
5By this we mean (throughout the paper) both indefinite and definite cases.
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1. C-projective structures: the minimal case.
In this section we give the necessary background on c-projective
equivalence of minimal complex connections ∇ on an almost complex
manifold (M,J) of dimM = 2dimCM = 2n (n > 1).
Such c-projective structures on 2n-dimensional manifolds are the un-
derlying structures of regular normal parabolic geometries of typeG/P ,
where G = SL(n+1,C) and P is the subgroup that stabilizes a complex
line ℓ ⊂ Cn+1; both G and P are to be regarded as real Lie groups.
We recall some basic setup, referring to [CS, Y, H] for further details.
The parabolic subgroup P induces the Lie algebra gradation on the
space of trace-free complex matrices:
g = sl(n + 1,C)R = g−1 ⊕
p︷ ︸︸ ︷
g0 ⊕ g1,
If ℓ is spanned by the first standard basis vector in Cn+1, then
g− =
(
0 0
∗ 0
)
, g0 =
(
∗ 0
0 ∗
)
, g+ =
(
0 ∗
0 0
)
,
using the blocks of size 1 and n along the diagonal. In fact, the grada-
tion is induced by a (unique) grading element Z ∈ z(g0), i.e. gj is the
eigenspace with homogeneity (eigenvalue) j for adZ . With the standard
choice Z = diag( n
n+1
, −1
n+1
, . . . , −1
n+1
).
The fundamental invariant of any regular normal parabolic geometry
is its harmonic curvature κH , whose vanishing (flatness) is the complete
obstruction to local equivalence to the homogeneous model G/P . For
c-projective structures κH = 0 is equivalent to (M,J, [∇]) being locally
isomorphic to (CP n, Jcan, [∇
FS]).
In this (flat) case only, dimension of the symmetry algebra cp(∇, J) is
equal dimR g = 2(n
2+2n). Otherwise the dimension is strictly smaller
and we obtain the gap of dimensions: dim g−S.
The harmonic curvature κH takes values in the space V = H
2
+(g−, g)
consisting of all positive homogeneity components of the Lie algebra
cohomology H2(g−, g) with respect to the natural g0-action. For c-
projective structures, V decomposes as a g0-module into irreducibles
(irreps): V = VI ⊕ VII ⊕ VIII (here subscripts are mere numerations).
Using the standard (p, q)-notation for the decomposition of tensors with
respect to the almost complex structure J , we have6 [CEMN]:
VI =
{
Λ2,0g∗− ⊙C sl(g−,C), n > 2,
Λ2,0g∗− ⊙C g
∗
−, n = 2;
6Below and throughout A⊙ B denotes the Cartan product of A and B, i.e. the
highest weight irreducible submodule of A⊗B (”traces removed”). If both modules
A,B are complex then we can also form tensor/Cartan product over C.
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VII = Λ
1,1g∗− ⊙ sl(g−,C); VIII = Λ
0,2g∗− ⊗C g− ≃ Λ
2g∗− ⊗C¯ g−.
In the standard terminology, VI⊕VII is the space of curvatures, and VIII
is the space of torsions. With respect to g0-action, VI has homogeneity
2 + δ2,n, VII has homogeneity 2, and VIII has homogeneity 1.
The harmonic curvature splits in accordance to the above into irre-
ducible components (projections to which are the usual symmetrizers)
κH = κI + κII + κIII,
where (we refer to [CEMN] for explicit formulae; we only need to know
the tensorial type to prove Theorem 2)
• κI is the (2, 0)-part of Weyl projective curvature of ∇ for n > 2,
or the (2, 0)-part of the Liouville tensor when n = 2;
• κII is the (1, 1)-part of Weyl projective curvature tensor of ∇;
• κIII is
1
4
NJ (torsion of a minimal complex connection ∇).
We remark that on a complex background (M,J) (κIII = 0):
• Existence of a holomorphic connection in [∇] is equivalent to
κII = 0 (see [CS, Prop. 3.1.17]).
• κI = 0 is a necessary condition for (M,J, [∇]) to be (pseudo-)
Ka¨hler metrizable (the curvature is of type (1,1)).
We now summarize an abstract description of VI,VII,VIII that will
be used in the sequel. The Satake diagram encoding the real Lie algebra
g = sl(n+ 1,C)R has n nodes in the top and bottom rows:
· · ·
l l l l l l
· · ·
.
Dynkin diagram of the complexification gC ∼= sl(n+1,C)×sl(n+1,C)
is obtained by removing all arrows from the above Satake diagram. As
g-modules, gC ∼= g⊕ g¯, where g and g¯ correspond to the ±i-eigenspaces
for the natural g-invariant complex structure on g. Pictorially, g and
g¯ correspond respectively to the top and bottom rows of the Satake
diagram, and conjugation swaps these factors by reflection in the in-
dicated arrows. The original real Lie algebra g is naturally identified
with the fixed point set under conjugation, i.e. g ∼= {x+ x : x ∈ g}.
The choice of parabolic p ⊂ sl(n+ 1,C)R is encoded by marking the
Satake diagram with crosses:
· · ·
l l l l l l
· · ·
.
The Satake diagram of the semisimple part of g0 is obtained by remov-
ing the crossed nodes: (g0)ss ≃ sl(n,C)R. The parabolic pC ⊂ gC in-
duces a grading of gC and we have VC = H
2(g−, g)⊗C ∼= H
2((gC)−, gC).
Using Kostant’s version of the Bott–Borel–Weil theorem [BE, CS], the
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computation of (gC)0-module structure of H
2((gC)−, gC) is algorithmi-
cally straightforward. Namely, each (gC)0-irrep, denoted Wµ, occurs
with multiplicity one and its lowest weight is µ = −w · ν, where7
• we use the affine action · of the Weyl group of gC on gC-weights.
• w = (jk) is a length two element of the Hasse diagram [BE, CS]
of (gC, pC). Here: w = (12), (11¯), or (1¯2¯).
• ν is the highest (minus lowest) weight of (the adjoint repre-
sentation of) a simple ideal in gC. Here: The highest weight of
sl(n+1,C) is λ = λ1+λn, expressed in terms of the fundamental
weights {λi}, and we have ν = λ or ν = λ¯.
We encode µ as follows: express −µ in terms of the fundamental weights
of gC and mark a given node of the Dynkin diagram of gC with its
corresponding coefficient [BE]. Here, VC decomposes into six (gC)0-
irreps occurring in three conjugate pairs, and this accounts for the
three g0-irreps in V. For the real case, we take the same marked Dynkin
diagrams but now include the arrows so as to obtain a marked Satake
diagram. Conjugate copies are indicated by the symbol Cc.
Type n > 3 n = 3 n = 2
I
· · ·
l l l l l l
· · ·
-4 1 1 0 0 1
0 0 0 0 0 0
⊕ Cc l l l
-4 1 2
0 0 0
⊕ Cc l l
-5 1
0 0
⊕ Cc
II
· · ·
l l l l l l
· · ·
-3 2 0 0 0 1
-2 1 0 0 0 0
⊕ Cc l l l
-3 2 1
-2 1 0
⊕ Cc l l
-3 3
-2 1
⊕ Cc
III
· · ·
l l l l l l
· · ·
1 0 0 0 0 1
-3 0 1 0 0 0
⊕ Cc l l l
1 0 1
-3 0 1
⊕ Cc l l
1 1
-3 0
⊕ Cc
Table 1. Irreducible harmonic curvature components
Each g0-irrep, denoted as Vµ, complexifies to (Vµ)C ∼= Wµ ⊕Wµ as
(gC)0-irrep (and g0-irrep). Here, Vµ is identified with its fixed point
set under conjugation, i.e. Vµ ∼= {φ+ φ : φ ∈Wµ}. Kostant’s theorem
explicitly describes a lowest weight vector φ0 in each (gC)0-irrep Wµ.
Without loss of generality, µ = −w · λ with w = (jk). Then
φ0 = eαj ∧ eσj(αk) ⊗ v,
in terms of root vectors eβ , simple roots {αj}, the simple reflection σj ,
and v ∈ gC a weight vector having weight −w(λ).
7When working with the complexification gC, we use barred quantities in asso-
ciation with the second (bottom) sl(n+ 1,C) factor.
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Type w φ0
I (12)
{
eα1 ∧ eα1+α2 ⊗ e−α2−···−αn , n > 2;
eα1 ∧ eα1+α2 ⊗ eα1 , n = 2
II (11¯) eα1 ∧ eα1 ⊗ e−α2−···−αn
III (1¯2¯) eα1 ∧ eα1+α2 ⊗ e−α1−···−αn
Table 2. Lowest weight vectors for harmonic curvature modules
2. Upper bound on the submaximal symmetry dimension
A universal upper bound U on the submaximal symmetry dimension
S for regular normal parabolic geometries of type (G,P ) was proved
in [KT]. In terms of V = H2+(g−, g), we have
U := max{dim(aψ) : 0 6= ψ ∈ V},
where aψ is the Tanaka prolongation of the pair (g−, a0 = anng0(ψ)) in
g. Namely, aψ = g− ⊕ a0 ⊕ a+ is the graded Lie subalgebra of g with
ak = {X ∈ gk : ad
k
g
−1
(X) · ψ = 0}, k ≥ 1. (1)
To calculate U it suffices to decompose V into g0-irreps, calculate
the corresponding maximum for each submodule, and then take the
maximum of these. The calculation becomes particularly easy for those
(G,P ) that are prolongation-rigid (as defined in [KT]): for any 0 6= ψ ∈
V = H2+(g−, g), we have a
ψ
+ = 0, so that a
ψ = g− ⊕ anng0(ψ).
In [KT], the complex case was thoroughly investigated. In particular,
if (g, p) are complex Lie algebras and Vµ ⊂ V is a g0-irrep with lowest
weight vector φ0 (and lowest weight µ), then it was proved in [KT] that
(i) Uµ = max{dim(a
ψ) : 0 6= ψ ∈ Vµ} is realized by dim(a
φ0);
(ii) aφ0+ = 0 if and only if all integers above crossed nodes for µ are
nonzero. In this case, Uµ = dim(g−) + dim(ann(φ0)).
If (ii) is satisfied for each Vµ ⊂ V, then (G,P ) is prolongation-rigid.
We now consider the case of general real Lie groups underlying given
complex Lie groups (G,P ), and refer to the marked Satake diagram
notation as before (see [CS]). The complexification of any given real
G0-irrep Vµ ⊂ V = H
2
+(g−, g) is either:
(i) Wµ ∼=Wµ, or
(ii) Wµ ⊕Wµ (if Wµ 6∼=Wµ)
for some gC-weight µ. In either case, we will (abuse notation and) refer
to the given (real) G0-irrep as Vµ. Note that (i) occurs if and only µ
is self-conjugate. For c-projective structures, only (ii) occurs. Defining
Uµ = max{dim(a
ψ) : 0 6= ψ ∈ Vµ}, where now a
ψ is a real Lie algebra,
we respectively have:
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(i) Uµ = max{dim(a
φ) : 0 6= φ ∈Wµ};
(ii) Uµ = max{dim(a
φ+φ¯) : 0 6= φ ∈Wµ}.
The following general result is based on [KT, Prop. 3.1.1].
Proposition 1. Let G be a complex semisimple Lie group, and let P
be a parabolic subgroup with reductive part G0. Let W be a (complex)
G0-irrep with φ0 ∈ W an extremal weight vector. Regarding G and P
as real Lie groups, we have for k ≥ 0 and any 0 6= φ ∈W:
(i) if W ∼=W: dim(a
φ
k) ≤ dim(a
φ0
k );
(ii) if W 6∼=W: dim(a
φ+φ¯
k ) ≤ dim(a
φ0+φ0
k ).
Proof. We prove (ii). Fix k ≥ 0, and let ψ = φ + φ¯. From (1),
a
ψ
k = ker(M(ψ)), where M(ψ) is some real matrix that depends R-
linearly on ψ. The rank of a matrix is a lower semi-continuous function
of its entries, so the function F :W→ Z given by F(φ) = dimR(a
φ+φ¯
k )
is upper semi-continuous. Clearly, F(cφ) = F(φ) for any c ∈ R×. Note
that F is constant on G0-orbits, and since z(g0) contains a grading
element, then G0 contains elements that act onW by arbitrary c ∈ C
×.
Thus, F descends to the complex projectivization P(W).
It is well-known that P(W) contains a unique closed G0-orbit, namely
O = G0 · [φ0]. Thus, O is in the closure of every G0-orbit in P(W).
Hence, since F : P(W)→ Z is upper semi-continuous and constant on
G0-orbits, then (ii) follows immediately. Proving (i) is similar. 
Proposition 2. Let G be a complex semisimple Lie group, and let P
be a parabolic subgroup with reductive part G0. Regard G and P as
real Lie groups. Then (G,P ) is prolongation-rigid if for every G0-irrep
Vµ ⊂ V = H
2
+(g−, g) the integers over every pair of crossed nodes on
the Satake diagram of µ joined by an arrow are not both zero.
Proof. It suffices to prove the result for a single Vµ. We have the g0-
reps (Vµ)C ∼= Wµ or (Vµ)C ∼= Wµ ⊕Wµ. Regard these as (gC)0-reps.
Repeating the proof of Proposition 1, but now in the complex case,
we find that the complex Lie algebra aψk for each k ≥ 0 has maxi-
mum dimension among 0 6= ψ ∈ Vµ when ψ = φ0 or ψ = φ0 + φ0
respectively. If the Satake (hence the Dynkin) diagram for µ satis-
fies the given condition, then by [KT, eqn (3.2) and Thm. 3.3.3], we
have aφ0+ = 0 or a
φ0+φ0
+ = 0 respectively. This being true for each Vµ
forces prolongation-rigidity of (gC, pC), and hence prolongation-rigidity
of (g, p). 
From Table 1, we immediately see that the criteria of Proposition 2
are satisfied for (minimal) c-projective structures.
Corollary 2. C-projective geometry is prolongation-rigid. 
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We will use the notations Si and Ui referring to a specific curvature
type. Thus, for each c-projective type, since 2n = dim(g−), we have
Sµ ≤ Uµ = dim(a
φ0+φ0) = 2n+ dim(anng0(φ0 + φ0)). (2)
Using the data from Tables 1 and 2, the annihilators a0 = anng0(φ0+φ0)
for all three types are computed in Table 3.
Type a0 (n ≥ 3) a0 (n = 2)
I


a0 0 0 0 · · · 0 0
0 a1 0 0 · · · 0 0
0 ∗ a2 0 · · · 0 0
0 ∗ ∗ a3 · · · ∗ 0
...
...
...
...
. . .
... 0
0 ∗ ∗ ∗ · · · an−1 0
0 ∗ ∗ ∗ · · · ∗ an


a0 + · · ·+ an = 0,
2(a0 − a1)− a2 + an = 0,
dimR(a0) = 2(n
2 − 3n+ 5)

 a0 0 00 a1 0
0 ∗ a2


a0 + a1 + a2 = 0,
3a0 − 2a1 − a2 = 0,
dimR(a0) = 4
II


a0 0 0 0 · · · 0 0
0 a1 0 0 · · · 0 0
0 ∗ a2 ∗ · · · ∗ 0
0 ∗ ∗ a3 · · · ∗ 0
...
...
...
...
. . .
... 0
0 ∗ ∗ ∗ · · · an−1 0
0 ∗ ∗ ∗ · · · ∗ an


a0 + · · ·+ an = 0,
2Re(a0 − a1) = a1 − an,
dimR(a0) = 2(n
2 − 2n+ 2)

 a0 0 00 a1 0
0 ∗ a2


a0 + a1 + a2 = 0,
2Re(a0 − a1) = a1 − a2,
dimR(a0) = 4
III


a0 0 0 0 · · · 0 0
0 a1 ∗ 0 · · · 0 0
0 ∗ a2 0 · · · 0 0
0 ∗ ∗ a3 · · · ∗ 0
...
...
...
...
. . .
... 0
0 ∗ ∗ ∗ · · · an−1 0
0 ∗ ∗ ∗ · · · ∗ an


a0 + · · ·+ an = 0,
2a0 − a0 = a1 + a2 − an
dimR(a0) = 2(n
2 − 3n+ 6)

 a0 0 00 a1 0
0 ∗ a2


a0 + a1 + a2 = 0,
2a0 − a0 = a1 + a2 − a2,
dimR(a0) = 4
Table 3. Annihilators a0 = anng0(φ0 + φ0) associated
to harmonic curvature types
The following recipe for computing anng0(φ0 + φ0) is analogous to
those discussed in [KT]:
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(1) Put asterisks over any pair of uncrossed nodes connected by
an arrow in the Satake diagram of µ, if one of the nodes has
a nonzero coefficient. This determines an (opposite8) parabolic
in (g0)ss and hence the general shape of anng0(φ0 + φ0).
(2) Diagonal elements X ∈ sl(n+ 1,C)R satisfy µ(X) = 0, since
X · (φ0 + φ0) = µ(X)φ0 + µ(X)φ0.
This condition becomes clear by converting µ into root notation.
Example. Consider the type III case when n ≥ 3. Then
· · ·
l l l l l l
· · ·
1 0 0 0 0 1
-3 0 1 0 0 0
 
· · ·
l l l l l l
· · ·
∗ ∗
∗ ∗
determines the shape of the annihilator as listed in Table 3. Now ex-
press the weight in terms of the simple roots αj = ǫj−ǫj+1, where ǫj are
the functionals that extract the j-th diagonal element of sl(n+ 1,C):
−µ = λ1 + λn − 3λ1 + λ3 = α1 + ... + αn − 2α1 − α2
= ǫ1 − ǫn+1 − 2ǫ1 + ǫ2 + ǫ3
This determines the remaining condition on the annihilator.
Using (2), we compute each Uµ and obtain the dimensions listed for
Sµ in Theorem 2, except for type I, n = 2 for which UI = 8.
In the type I case, the Cartan geometry is equivalent to a complex
parabolic geometry of type (G,P ) (where these are regarded as complex
Lie groups), whose underlying structure is a holomorphic projective
structure. These submaximal symmetry dimensions were classified in
[KT] (see [E1] for the real projective case). In terms of the C-dimension
n of the underlying complex manifold, we have SC = n
2 − 2n + 5
when n ≥ 3 and SC = 3 when n = 2. Regarded as a c-projective
structure of type I, these complex dimensions simply double to get
the corresponding real dimensions. The n = 2 case is the well-known
exception that is the holomorphic analogue of 2-dimensional projective
structures, see [KT, §4.3]. This finishes the type I case.
It remains to show that SII = UII and SIII = UIII. This is ac-
complished in Section 3 by exhibiting type II and type III models
whose c-projective symmetries realize the calculated upper bounds.
Alternatively, we now give an abstract proof of realizability via the
same technique as used in [KT, §4.1]. There, an abstract model of
the regular normal parabolic geometry was constructed by a deforma-
tion idea. Here, fix a type and consider the (graded) Tanaka algebra
8Standard parabolics in this paper are (block) upper triangular, but since we use
lowest weight vectors, the annihilators in g0 have (block) lower triangular shape.
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a := aψ = g− ⊕ a
ψ
0 ⊂ g, where ψ = φ0 + φ0. Define f = a as vector
spaces, and consider the deformed bracket [·, ·]f = [·, ·]a − ψ(·, ·) by re-
garding ψ as a 2-cochain. From Table 2, we see that with the exception
of the n = 2 type I case, ψ has image in g− ⊂ a, so [·, ·]f is well-defined.
As in [KT, Lemma 4.1.1], the Jacobi identity on f reduces to:
Jacf(x, y, z) = ψ(ψ(x, y), z) + ψ(ψ(y, z), x) + ψ(ψ(z, x), y). (3)
From Table 2, for n ≥ 3, the output of ψ does not depend on any of
the root spaces involved in the input to the 2-cochain ψ. Hence, by (3),
the Jacobi identity holds for f. For n = 2, this argument works only
in the type II case. In all valid cases, i.e. when f is a Lie algebra, f/a0
integrates to a local homogeneous space M = F/A0. This space will
support a c-projective structure whose symmetry algebra is isomorphic
to f. This is asserted by an extension functor argument [CS]: Consider
the principal P -bundle G = F ×A0 P → M . An f-invariant Cartan
connection of type (G,P ) is determined by the algebraic data of a linear
map ϕ : f → g that is a0-equivariant and satisfies ϕ|a0 = ida0 . Using
the vector space identification f = a, consider the f-invariant Cartan
connection determined by ϕ = idf. Its full curvature corresponds to
[ϕ(x), ϕ(y)]a − ϕ([x, y]f) = [x, y]a − [x, y]f = ψ(x, y), ∀x, y ∈ g−.
Hence, the curvature is purely harmonic. Thus, we have constructed
a regular normal Cartan geometry of type (G,P ), and its underlying
structure is a c-projective geometry of the given type.
When n = 2, the above argument fails for:
• type I: the deformation by ψ is not well-defined. As remarked
earlier, SI = 6 < UI = 8.
• type III: the Jacobi identity fails for f. However, a different
deformation of a0 is possible, and a model is given in Section 3;
see the details in Appendix A. Thus, SIII = UIII = 8.
This concludes the proof of Theorem 2.
3. Submaximal models in the three curvature types
Let us specify explicit models9 realizing the universal bounds for non-
flat c-projective structures of the pure curvature types Vi. We do not
claim unicity of these models at this point, they only prove sharpness
of the estimates.
Type I, n > 2. This is the holomorphic version of the Egorov’s
symmetric connection [E1], given in the real case by the Christoffel
symbols Γ123 = x
2, Γijk = 0 else, in coordinates (x
1, . . . , xn) on Rn.
9We re-numerate some indices in the matrix models a0 of Section 2, e.g. 2↔ n
for type II etc. This helps seeing the stabilization of the models.
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The holomorphic version ∇ is given by (to get real structures we add
complex conjugate to all equations, shortening this to +Cc)
Γ123 = z
2 (+Cc: Γ1¯2¯3¯ = z
2)
(and Γljk = 0 for all other barred/un-barred indices) in the coordinate
system (z1, . . . , zn) on Cn. The complex structure is standard J = i.
In the real coordinates (x˜1, . . . , x˜2n) given by zk = x˜2k−1 + ix˜2k we
have the following non-zero Christoffel indices:
Γ1˜3˜5˜ = Γ
2˜
3˜6˜ = Γ
2˜
4˜5˜ = −Γ
1˜
4˜6˜ = x˜
3, Γ2˜3˜5˜ = −Γ
1˜
3˜6˜ = −Γ
1˜
4˜5˜ = −Γ
2˜
4˜6˜ = x˜
4.
The harmonic curvature has type I and is non-zero: κH = κI 6= 0.
Indeed, the curvature of ∇ in the complex coordinates is equal to
W∇ = dz
2 ∧ dz3 ⊗ z2∂z1 (+Cc).
The c-projective symmetries are found from the equations specified
in §1 to be the real and imaginary parts of the following (linearly in-
dependent) holomorphic vector fields:
∂z1 , ∂z3 , . . . , ∂zn , z
i∂zj (i ≥ 2, j 6= 2, 3),
2z1∂z1 + z
2∂z2 , z
1∂z1 + z
3∂z3 , z
2z3∂z1 − ∂z2 , (z
2)3∂z1 − 3z
2∂z3 .
Since the totality of these 2 · (n2− 2n+5) coincides with the universal
upper bound, these are all symmetries, and so the above (J, [∇]) is a
sub-maximal c-projective structure of curvature type I.
Type I, n = 2. Real projective structures on R2 were studied by
Lie and Liouville [Lio], and Tresse [Tr] classified submaximal projective
connections (in retrospective, as this notions was introduced later by
Cartan [C]; Tresse studied the corresponding 2nd order ODEs). Com-
plexification yields a submaximal c-projective structure with respect
to the standard complex structure J = i on C2: ∇ is the complex
connection with the non-zero Christoffel symbols
Γ122 = −Γ
1
11 =
1
2z1
(+Cc).
The c-projective symmetries are real and imaginary parts of the holo-
morphic fields (altogether 6 symmetries)
∂z2 , z
1∂z1 + z
2∂z2 , z
1z2∂z1 +
1
2
(z2)2∂z2 .
Type II. Consider the complex connection ∇ with respect to the
standard complex structure J = i on Cn given in the complex coordi-
nates (z1, . . . , zn) by non-zero Christoffel symbols
Γ211 = z
1 (+Cc: Γ2¯1¯1¯ = z
1). (4)
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Its curvature has pure type II, κH = κII 6= 0:
W∇ = dz
1 ∧ dz1 ⊗ z1∂z2 (+Cc).
The c-projective symmetries are found from the equations specified in
§1 to be the real and imaginary parts of the following (linearly inde-
pendent) complex-valued vector fields:
∂z2 , . . . , ∂zn , z
i∂zj (i 6= 2, j > 1),
z1∂z1 + 2z
2∂z2 + z2∂z2 , ∂z1 −
1
2
(z1)2∂z2 .
Since the totality of these 2(n2 − n + 2) coincides with the universal
upper bound, these are all symmetries, and so the above (J, [∇]) is a
sub-maximal c-projective structure of curvature type II.
Type III, n > 2. Sub-maximal symmetric almost complex struc-
tures on C3, i.e. maximally symmetric (measured via functional di-
mension and rank) among all non-integrable J , were classified in [K4].
There are two different such structures, but only one of them has the
Nijenhuis tensor, given by the lowest weight vector from the Kostant’s
Borel-Bott-Weil theorem. Namely, the structure in complex coordi-
nates (z1, z2, z3) is given by
J∂z1 = i∂z1 + z
2∂z3 , J∂z2 = i∂z2 , J∂z3 = i∂z3 .
Let us extend it to Cn by multiplying with (Cn−3, i), i.e. letting J∂zk =
i∂zk for k > 3.
In the real coordinates (x˜1, . . . , x˜6) given by zk = x˜2k−1 + ix˜2k we
have:
J∂x˜1 = ∂x˜2 + x˜
3∂x˜5 − x˜
4∂x˜6 , J∂x˜2 = −∂x˜1 − x˜
4∂x˜5 − x˜
3∂x˜6 ,
J∂x˜2k−1 = ∂x˜2k , J∂x˜2k = −∂x˜2k−1 (k > 1).
To find a complex connection for this J , let ∇˜ = d be the trivial
connection, i.e. its Christoffel symbols vanish in the given coordinate
system. Then ∇ = 1
2
(∇˜ − J∇˜J) is a complex connection. Its non-zero
Christoffel symbols are
Γ3¯21 =
i
2
(+Cc: Γ32¯1¯ = −
i
2
).
In real coordinates these write so:
Γ6˜3˜1˜ = Γ
5˜
3˜2˜ = Γ
5˜
4˜1˜ = −Γ
6˜
4˜2˜ = −
1
2
,
and, in particular, Γ6˜
1˜3˜
= Γ5˜
2˜3˜
= Γ5˜
1˜4˜
= Γ6˜
2˜4˜
= 0.
Thus the torsion T∇ 6= 0, while the curvature R∇ = 0. In fact,
NJ = −2i dz
1 ∧ dz2 ⊗ ∂z3 (+Cc).
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Consequently, κH = κIII 6= 0, the connection ∇ is minimal and the
c-projective structure (J, [∇]) has curvature type III.
The c-projective symmetries are found from the equations specified
in §1 to be the real and imaginary parts of the following (linearly in-
dependent) complex-valued vector fields:
∂z1 , ∂z3 , . . . , ∂zn , z
i∂zj (i 6= 3, j > 2),
z1∂z1 + z3∂z3 , z
2∂z2 + z3∂z3 , ∂z2 +
z1
2i
(∂z3 + ∂z3),
z1∂z2 −
i
4
(z1)2∂z3 , z
2∂z1 −
i
4
(z2)2∂z3.
Since the totality of these 2 · (n2− 2n+6) coincides with the universal
upper bound, these are all symmetries, and so the above (J, [∇]) is a
sub-maximal c-projective structure of curvature type III.
Type III, n = 2. This is the exceptional case, for which the method
of Section 2 does not give even an abstract model. However the abstract
bound dim ≤ 8 is sharp. We provide the local model (M4, J, [∇]) in
real coordinates (x, y, p, q). The almost complex structure in the basis
e1 = ∂x, e2 = ∂y, e3 = ∂p, e4 = ∂q −
3y
2p
∂x −
5x
2p
∂y is given by:
Je1 = e2, Je2 = −e1, Je3 = e4, Je4 = −e3.
In the dual co-basis θ1 = dx+
3y
2p
dq, θ2 = dy +
5x
2p
dq, θ3 = dp, θ4 = dq
the minimal complex connection is given by:
∇e1 =
1
2p
e2 ⊗ θ4, ∇e3 = −
1
p
(e1 ⊗ θ1 − e2 ⊗ θ2 + e3 ⊗ θ3 + e4 ⊗ θ4)
−
1
4p2
(
e1 ⊗ (3xθ3 + 3yθ4) + e2 ⊗ (3yθ3 + 13xθ4)
)
(these relations are enough since ∇Jek = J∇ek).
The torsion T∇ is non-zero and represents κIII. The curvature R∇ is
however also non-zero and has type (1, 1). One could suspect that this
yields a harmonic curvature of type II (κI = 0 because the (2,0)-part
of R∇ vanishes, and also because elsewise the dimension of cp(∇, J)
would be bounded by 6), but the structure equations show κII = 0 (we
delegate the details of this computation to the appendix).
Thus the above pair (J, [∇]) has harmonic curvature of pure type III.
And its symmetry algebra has dimension 8, here are the generators:
x∂x + y∂y, p
−3/2∂y, p∂p + q∂q, ∂q,
p (y∂x − x∂y)− 2pq ∂p + (p
2 − q2)∂q,
p2 + q2
p3/2
(p∂x − q∂y),
p2 + q2
2p3/2
∂y +
q
p3/2
(q∂y − p∂x), p
−3/2(q∂y −
1
3
p∂x)
(notice that all the symmetries are actually affine).
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This finishes realization (by models) of the universal bounds on sub-
maximal symmetry dimensions.
Remark 1. As a consequence of realization and the results of [KT],
the equality U = S yields local transitivity (around any regular point)
for the symmetry algebra of any c-projective structure with submaximal
symmetry (this also applies to general c-projective structures considered
in the next section), as well as for any c-projective structure of fixed
curvature type with the submaximal symmetry dimension Si.
4. C-projective structures: the general case.
In this section we encode general (not necessary minimal) c-projective
structures as real (not necessary normal) parabolic geometries of type
SL(n+ 1,C)R/P .
Assume at first that π : G → M is a principal P -bundle with a Cartan
connection ω = ω−1+ω0+ω1 ∈ Ω
1(G, g). The covariant derivative can
be read off the Cartan connection of any G0-reduction of this bundle
(Weyl structure) by the following formula, cf. [CS, Proposition 1.3.4]:
∇XY = dπ ◦ ω
−1
−1
(
X˜ · ω−1(Y˜ )− ω0(X˜)(ω−1(Y˜ ))
)
,
where X˜, Y˜ are arbitrary lifts of X, Y ∈ D(M) to vector fields on G
(independence of the lift for Y is obvious, for X follows from the equiv-
ariance of ω; one also checks independence of the point a ∈ π−1(x)).
Since the first frame bundle reduction, driven by the almost complex
structure J , forces ω−1 to be a complex isomorphism between (TxM,J)
and (Cn, i) and since ω0 takes values in gl(n,C), we conclude that
∇XJY = J∇XY , i.e. ∇J = 0. Thus parabolic geometries encode
c-projective geometries with classes of complex connections ∇ only.
Moreover, a choice of connection ∇ in a c-projective class with fixed
(normalized) torsion corresponds to a Weyl structure of (G, ω) and a
change of this gives a c-projective change of ∇. Thus we have to show
only that a c-projective class of a complex connection ∇ with a fixed
torsion can be represented as a parabolic geometry.
To begin with let us see how we can modify the torsion keeping the
class of J-planar curves fixed. By [K1, Appendix A] a (2,1)-tensor
decomposes into J-linear/antilinear components as follows
T∇ = T
++
∇ + T
+−
∇ + T
−+
∇ + T
−−
∇ ,
where T ǫ1,ǫ2∇ (J
k1X, Jk2Y ) = ǫk11 ǫ
k2
2 J
k1+k2T ǫ1,ǫ2∇ (X, Y ).
The component T++ is killed similar to the real case: ∇ ≃ ∇− 1
2
T++∇ .
The component T−−∇ =
1
4
NJ is invariant [Lic]. Next T
+−
∇ = −T
−+
∇ ◦ τ ,
where τ : Λ2V ∗ ⊗ V → Λ2V ∗ ⊗ V (V = TM) is swap of the first two
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arguments, so it is enough to treat T−+∇ . Again by [K1] the gauge is
T−+∇ 7→ T
−+
∇ − A,
where A ∈ Λ2V ∗ ⊗ V is antilinear-linear (2, 1)-tensor, which means
A(JX, Y ) = −A(X, JY ) = −JA(X, Y ) ∀X, Y ∈ V .
Lemma 1. An antilinear-linear (2, 1)-tensor A satisfying the property
A(X,X) ∈ C ·X has the following form for some 1-form ϕ:
A(X, Y ) = ϕ(X)Y + ϕ(JX)JY.
Proof. By polarization A(X,X) ∈ C ·X implies
A(X, Y ) + A(Y,X) ∈ C · 〈X, Y 〉.
Substitution Y 7→ JY and use of C-linearity/antilinearity (and cance-
lation of J) yields A(X, Y )− A(Y,X) ∈ C · 〈X, Y 〉. Hence A(X, Y ) ∈
C · 〈X, Y 〉, i.e. A(X, Y ) = Φ(X)Y + Ψ(Y )X for some C-valued 1-
forms Φ,Ψ. Antilinearity/linearity by X, Y resp. yields Ψ(Y ) = 0, and
Φ(X) = ϕ(X) + i ϕ(JX). 
Denote the space of A-tensors from Lemma 1 by T−+trace. This is a
submodule of T−+ part of decomposition of the space of torsion ten-
sors module T = Λ2V ∗ ⊗ V , decomposed into irreducible GL(n,C)-
submodules as follows (the part T+− ≃ T−+ appears with its swap, so
only one part enters the decomposition)
T = T++trace ⊕ T
++
traceless ⊕ T
−− ⊕ T−+traceless ⊕ T
−+
trace.
By traceless we mean that the endomorphism obtained by filling one
argument of the (2, 1)-tensor is traceless (and trace is the invariant
complement). In complexification this decomposition writes10
T
C = (Λ2,0 ⊗ V1,0 + Cc)trace ⊕ (Λ
2,0 ⊗ V1,0 + Cc)traceless⊕
(Λ0,2 ⊗ V1,0 +Cc)⊕ (Λ
1,1 ⊗ V1,0 +Cc)traceless ⊕ (Λ
1,1 ⊗ V1,0 +Cc)trace,
where Cc stays for complex-conjugate as before.
Let us denote the projection to part k in the above decomposition
by πk. From the discussion above we can kill π1(T∇), π2(T∇), π5(T∇)
by a choice of representative within the c-projective class of ∇, but the
components π3(T∇) = κIII and π4(T∇) are invariant.
Corollary 3. The c-projective class [∇] contains a minimal J-complex
connection ∇ iff π4(T∇) = 0. 
Remaining freedom in choosing ∇ is given by the standard formula:
10We abbreviate Λp,q = Λp,qV ∗ and similar for Sp,q throughout the text.
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Lemma 2. Two J-complex connections∇, ∇¯ with vanishing parts 1,2,5
of the torsion are c-projectively equivalent iff
∇¯XY = ∇XY +Ψ(X)Y +Ψ(Y )X −Ψ(JX)JY −Ψ(JY )JX
for some 1-form Ψ ∈ Ω1(M) (notice that T∇ = T∇¯).
Proof. Indeed, the tensor A = ∇¯−∇ satisfies A− = 0 and A+ = A+ ◦τ
in terms of [K1]. 
Let us denote ̺ = π1 + π2 + π5, so that the assumption of the
Lemma is ̺(T∇) = 0. Since this tensorial projection is applicable to
the lowest part of the curvature κ of the Cartan connection ω, viewed
as P -equivariant function, we rewrite the equality as ̺(κ1) = 0, where
κi is the part of the curvature κ of g0-homogeneity i.
Recall [CS] that the Kostant codifferential ∂∗ : Λig∗−⊗g→ Λ
i−1g∗−⊗g
is adjoint to the Lie algebra differential ∂ : Λig∗− ⊗ g→ Λ
i+1g∗− ⊗ g.
Consider the curvature module U = Λ2g∗−⊗g over g0 = gl(n,C), and
decompose it into the graded parts U = U1 ⊕ U2 ⊕ U3. For U2 denote
the sum of real g0-irreps by U
r
2 and the sum of complex g0-irreps by U
c
2
(there are no quaternionic parts).
Let us define C1 = Ker(̺) ⊂ U1, C2 = (Ker(∂
∗)∩Uc2)⊕ (p+ ·C1∩U
r
2),
and also C3 = U3. Then C = C1 ⊕ C2 ⊕ C3 is a G0-submodule of U.
Proposition 3. The submodule C is P -invariant.
Proof. It suffices to check p+-invariance. Let us decompose the graded
parts of U = U1 ⊕ U2 ⊕ U3 into g0-irreducibles. For U1 = T
C this was
done before Corollary 3, whence
C1 = T
−− ⊕ T−+traceless
with the complexification11
CC1 = (Λ
0,2 ⊗ V1,0)⊕ (Λ
1,1 ⊙ V1,0) + Cc .
Next we decompose U2 into g0-irreducibles. For n ≥ 4 we have:
(Λ2g∗− ⊗ g0)
C = (Λ2,0 ⊕ Λ1,1 ⊕ Λ0,2)⊗ (Λ1,0 ⊙ V1,0 + C) + Cc
= [(Λ2,0 ⊙ Λ1,0 ⊙ V1,0)⊕ 3Λ
2,0 ⊕ S2,0 ⊕ (Λ3,0 ⊙ V1,0)⊕
(Λ2,1 ⊙ V1,0)⊕ (S
2,1 ⊙ V1,0)⊕ (Λ
1,2 ⊙ V1,0) + Cc]⊕ 4Λ
1,1.
Every term in [. . . ] together with its complex conjugate gives a real
irreducible submodule (Λ1,1 is already real irreducible) that we denote
successively (not counting multiplicity) by K1, . . . ,K8, and we get:
U2 = K1 ⊕ 3K2 ⊕K3 ⊕K4 ⊕K5 ⊕K6 ⊕K7︸ ︷︷ ︸
Uc
2
⊕ 4K8︸︷︷︸
Ur
2
.
11Recall that ⊙ denotes the Cartan product (the same as previous ”traceless”).
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We will not need the decomposition of U3.
The module U2 is mapped by ∂
∗ onto the module
(Λ1g∗− ⊗ g1)
C = [S2,0 ⊕ Λ2,0 + Cc]⊕ 2Λ1,1 = (K2 ⊕K3 ⊕ 2K8)
C.
Consequently we get the following decomposition into g0-irreps:
Ker(∂∗) ∩ U2 = K1 ⊕ 2K2 ⊕K4 ⊕K5 ⊕K6 ⊕K7 ⊕ 2K8. (5)
The action of p+ is trivial on the first factor of Λ
2g∗− ⊗ g, and so the
restricted action on C maps T−− to K2 ⊕ K7 – notice that this K2
belongs to Ker(∂∗) by p+-equivariance of ∂
∗, so it is one of the terms in
(5). Also, p+ maps T
−+
traceless to K5 ⊕K6 ⊕ 2K8, but the latter (double)
term differs from the similarly named terms in (5). To distinguish these
denote 2K˜8 = (p+ · C1) ∩ 4K8 ⊂ U2 (Ker(∂
∗) ∩ 2K˜8 = 0). Then
C2 = (Ker(∂
∗) ∩ (K1 ⊕ 3K2 ⊕ · · · ⊕K7))⊕ ((p+ · C1) ∩ 4K8)
= K1 ⊕ 2K2 ⊕K4 ⊕K5 ⊕K6 ⊕K7 ⊕ 2K˜8.
Now p+ maps C1 to C2, and obviously it maps the latter to C3. There-
fore we conclude invariance with respect to P = G0 ⋉ p+ for n ≥ 4.
For n = 3 we have K2 = K4 as A2-modules (ignoring z(g0)). So
only one multiplicity changes in the decomposition of C2. For n = 2
more terms in the above decompositions change/disappear, but the
arguments persist and the conclusion is not altered. 
Remark 2. A normalization different from the standard ∂∗κ = 0 was
used previously by D.Fox in [F] (our normalization differs from his).
Lemma 3. The subspace C2 is complementary to Im(∂) ⊂ Λ
2g∗− ⊗ g0.
Proof. Since Ker(∂∗)∩U2 is complementary to Im(∂)∩U2, it is enough
to show that (2K˜8)∩ Im(∂) = 0. For this, because ∂
2 = 0, it is enough
to show that the map ∂ : 2K˜8 → Λ
3g∗− ⊗ g− is injective.
An element σ of this module has the form ϕ1,0⊗ϕ0,1⊗ (aǫ
1,0+ bǫ0,1),
where ϕ1,0 ∈ Λ
1,0 is some element (assume nonzero), ǫ1,0 ∈ Λ1,0 ⊗ V1,0
is the identity, and similar for ϕ0,1, ǫ
0,1, while a, b are some numbers.
For vectors u1,0, v1,0, w0,1 ∈ V C = V1,0 ⊕ V0,1 of the indicated type
∂σ(u1,0, v1,0, w0,1) = a · (ϕ1,0(v
1,0)u1,0 − ϕ1,0(u
1,0)v1,0)ϕ0,1(w
0,1).
If this is zero for all choices u1,0, v1,0, w0,1, then a = 0. Similarly,
substituting u1,0, v0,1, w0,1 we obtain b = 0. 
Now comes the main result of this section (which also solves the
equivalence problem for general c-projective structures).
Theorem 4. There is an equivalence of categories between c-projective
structures (M,J, [∇]) and parabolic geometries of type SL(n+1,C)R/P
with the curvature normalized by the (P -invariant) condition κ ∈ C.
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Proof. Given a pair (J, [∇]) we first consider the reduction G0 of the first
frame bundle FM corresponding to the choice of J . Next we construct
the full frame bundle G = ∪u∈G0Gu, where
Gu = {θ(u) + γ
∇(u) : ∇ ∈ [∇], π1(T∇) = π2(T∇) = π5(T∇) = 0}
and θ = ω−1 ∈ Ω
1(G0, g−1) is the soldering form, γ
∇ = ω0 ∈ Ω
1(G0, g0)
is the principal connection corresponding to ∇. The topology and
the manifold structure on G is induced naturally (through the Weyl
structures [CS] corresponding to Weyl connections ∇).
By construction, G is equipped with G0-equivariant 1-form ω−1+ω0 :
TuG → g−1⊕g0. We extend it in a P -equivariant way to a Cartan con-
nection ω ∈ Ω1(G, g), however we have to fix the normalization. As
usual this is done by the curvature function κ : G → Λ2g∗− ⊗ g corre-
sponding to the curvature formK = dω+ 1
2
[ω, ω]. Notice that grading 1
part κ1 of the curvature, corresponding to dω−1(ξ, η)+[ω−1(ξ), ω0(η)]+
[ω0(ξ), ω−1(η)], does not involve ω1, while the grading 2 part κ2, corre-
sponding to dω0(ξ, η)+ [ω−1(ξ), ω1(η)]+ [ω0(ξ), ω0(η)]+ [ω1(ξ), ω−1(η)],
is affine in ω1. We can use this fact and Lemma 3 to construct ω1 by
the condition κ2 ∈ C2.
Indeed, the Kostant co-differential is the left-inverse of the Lie alge-
bra cohomology differential ∂ (= Spencer differential δ) at the indicated
place in the complex
0→ g1 ⊗ g
∗
−1
∂
−→ g0 ⊗ Λ
2g∗−1 → g−1 ⊗ Λ
3g∗−1 → 0.
The space Ker(∂∗) is complementary to Im(∂) ⊂ g0 ⊗ Λ
2g∗−1 ∋ κ2 and
since a change of (Weyl) connection is equivalent to a change of κ2 by
∂ψ, where ψ ∈ g1 ⊗ g
∗
−1, we can achieve κ2 ∈ Ker(∂
∗) precisely as in
the normal case, and ω1 is (canonically) fixed.
This construction of G and ω = ω−1 + ω0 + ω1 is clearly functorial
implying the equivalence claim to one side.
To the other side, if we have a Cartan geometry (G, ω) of the type
SL(n + 1,C)R/P , then we read off J from G0 and sections of G → G0
determine the class of connections ∇. A change of such section is
equivalent to a c-projective change of connection as in Lemma 2. 
Remark 3. It was noticed in [H] that normality of the Cartan connec-
tion ω implies minimality of ∇, i.e. T∇ = T
−−
∇ =
1
4
NJ or equivalently
T++∇ = 0, T
−+
∇ = 0. On the other hand, for c-projective structures
(J, [∇]) with minimal ∇ references [Y, CEMN] provide construction of
the normal Cartan connection ω ∈ Ω1(G, g). Thus the above equiva-
lence of categories restricts to equivalence of (sub-)categories between
c-projective structures (J, [∇]) with minimal ∇ and normal parabolic
geometries of type SL(n+ 1,C)R/P .
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5. The general submaximal symmetry dimension.
Here we derive the submaximal symmetry dimension for general c-
projective structures. In this case, we additionally have the invariant
part of the torsion that we denote by κIV = π4(T∇) ∈ T
−+
traceless. This is
the obstruction for c-projective geometry to be normal/minimal.
Flatness, i.e. local isomorphism to (CP n, Jcan, [∇
FS]), is characterized
by: κI = 0, κII = 0, κIII = 0, κIV = 0. This system is P -invariant, as
follows from the proof of Proposition 3 (but its second term κII is no
longer P -invariant: under p+ action it changes by a derivative of κIV).
The method developed in [KT] extends to this situation and we shall
show that the bound on submaximal symmetry dimension persists.
Proof of Theorem 1. If κIV = 0, then the connection is minimal
and the estimate from above on the submaximal symmetry dimension
S follows from Section 2:
S ≤ U := max{dim(aφ)|0 6= φ ∈ VI ⊕ VII ⊕ VIII}.
Assume now that κIV is a non-zero element in T
−+
traceless. In this proof
this module will be considered as a completely reducible P -submodule
of Λ2(g/p)∗⊗ (g/p) = U/(U2⊕U3), so that the P -action reduces to the
G0-action (p+ acts trivially).
Let us notice that normality condition is not crucial for the universal
upper bound on the symmetry dimension in [KT, Section 2.4]. The
essential step is the reduction of g0 to the annihilator of the (harmonic)
curvature and its Tanaka prolongation, so it can be generalized (see
also [K5, Theorem 2]). Thus, replacing the harmonic curvature with
κIV, this leads to the submaximal symmetry dimension Sˆ for general
c-projective structures:
Sˆ ≤ Uˆ := max
{
U,max{dim(aφ)|0 6= φ ∈ T−+traceless}
}
.
The complexification of the module T−+traceless is W ⊕W, where the
lowest weight vector φ0 ∈W is eα1 ∧ eα1 ⊗ e−α1−···−αn . The annihilator
of φ0 + φ0 in g0 is equal to
a0 =


a0 0 0 0 · · · 0 0
0 a1 0 0 · · · 0 0
0 ∗ a2 ∗ · · · ∗ 0
0 ∗ ∗ a3 · · · ∗ 0
...
...
...
...
. . .
... 0
0 ∗ ∗ ∗ · · · an−1 0
0 ∗ ∗ ∗ · · · ∗ an


a0 + · · ·+ an = 0
a1 + a1 = a0 + an
and so dim a0 = 2(n− 1)
2 + 2.
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In Section 2, Propositions 1 and 2 can be applied to T−+traceless, i.e. the
normality condition is not essential. Hence, we have the prolongation
rigidity phenomenon, and aφ0 = g− ⊕ a0.
Thus the symmetry dimension does not exceed dim aφ0 = 2n2−2n+4.
Since this does not exceed the maximal bound U of the three pure
curvature types in Theorem 2, the conclusion of Theorem 1 follows. 
If we assume NJ = 0, and so eliminate the spontaneous growth of
submaximal dimension for n = 3 (with the winning type III), then the
submaximal dimension is 2n2−2n+4 for all n ≥ 2. This bound persists
even in the non-minimal case:
Proposition 4. For the general c-projective structure with κIV 6≡ 0 the
symmetry dimension does not exceed 2n2−2n+4. This bound is sharp.
Proof. The upper bound follows from the above proof, so we just need
to prove realizability, i.e. to construct a model .
We take J = i and use the complex notations. Take Γ21¯1 = Γ
2¯
11¯ = 1
and all other Christoffel symbols zero (in particular, Γ211¯ = Γ
2¯
1¯1 = 0).
Its torsion T∇ = dz
1 ∧ dz1 ⊗ (∂z2 − ∂z2) has only T
−+
traceless-component
non-zero and its curvature R∇ vanishes.
The c-projective symmetries are the real and imaginary parts of the
following (linearly independent) complex-valued vector fields:
∂zi , z
i∂zj (i 6= 2, j 6= 1), z
1∂z1 + z
2∂z2 + z2∂z2 .
The totality of these is 2n2 − 2n+ 4 as required. 
6. C-projective structures: the metric case.
The goal of this and the next section is to prove Theorem 3. In
this section we recall the necessary background on metric c-projective
structures and derive a useful estimate involving the degree of mobility;
then in the next we give the proof and further specifications.
Two pseudo-Ka¨hler metrics g and g˜ underlying the same complex
structure J are called c-projectively equivalent if their Levi-Civita con-
nections ∇ = ∇g, ∇˜ = ∇g˜ are.
This can be expressed [DM, MS] through the (1, 1)-tensor
A = g˜−1g ·
∣∣∣∣det(g˜)det(g)
∣∣∣∣
1/2(n+1)
: TM → TM,
where g˜−1 is the inverse of g˜ (g˜ikg¯kj = δ
i
j), and g˜
−1g is the contraction
(g˜ikgkj): The metrics g and g˜ are c-projectively equivalent iff
(∇XA)Y = g(X, Y )vA + Y (τA)X + ω(X, Y )JvA − JY (τA)JX,
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where ω(X, Y ) = g(JX, Y ), τA =
1
4
tr(A), vA = gradg τA. In argument-
free form12 this writes (using symmetrizer by the last two arguments)
so:
∇Aˆ = 2Sym2,3
(
g ⊗ λA − ω ⊗ J
∗λA
)
, (6)
where Aˆ(X, Y ) = g(AX, Y ) and λA = dτA.
This linear overdetermined PDE system on the unknown A has a
finite-dimensional solution space denoted Sol(g, J), and Id ∈ Sol(g, J).
Degree of mobility of the pair (g, J) is defined asD(g, J) = dim Sol(g, J).
Let us denote by i(g, J) the algebra of J-holomorphic infinitesimal
isometries of g, by h(g, J) the algebra of J-holomorphic vector fields
that are homotheties for g. We will need the following estimate:
Lemma 4. For any pseudo-Ka¨hler structure (g, J) we have the in-
equality: dim cp(∇g, J) ≤ dim h(g, J) +D(g, J)− 1.
This was discussed in [MR2], but not formally stated. Though that
paper was devoted only to the Ka¨hler metrics the statement is true
in general and the proof persists. Let us give a brief argument. The
formula
A = φ(v) = g−1Lv(g)−
1
2(n+1)
tr(g−1Lv(g)) Id
by [MR1] defines the map
φ : cp(∇g, J)→ Sol(g, J)
and Ker(φ) = i(g, J). Moreover, if π : Sol(g, J) → Sol(g, J)/R · Id is
the natural projection, then Ker(π ◦ φ) = h(g, J). The claim follows
from the rank theorem. 
Corollary 4. We have: dim cp(∇g, J) ≤ dim i(g, J) +D(g, J). 
By [DM, MS] the degree of mobility is bounded so:
D(g, J) ≤ (n+ 1)2,
and the equality corresponds to spaces of constant holomorphic sec-
tional curvature. The next biggest dimension, under the additional
assumption that there is a projective non-affine symmetry [MR2, Mi],
is equal to
Dsub.max = (n− 1)
2 + 1 = n2 − 2n+ 2. (7)
Another ingredient in our count is the estimate on the dimension
of the isometry algebra of a Ka¨hler structure. Clearly the maximal
dimension is max
[
dim i(g, J)
]
= n2 + 2n.
12The same equation serves as a definition of a Hamiltonian 2-form ω(X,AY )
corresponding to the endomorphism A, which attracted a recent interest [ACG].
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Proposition 5. For a Ka¨hler structure g of non-constant holomorphic
curvature we have: dim i(g, J) ≤ n2 + 2. The bound is sharp and
attained, for example, for M = CPn−1 × CP1.
Proof. The isotropy algebra of the symmetry algebra is a proper sub-
algebra of u(n), and so is reductive. All maximal proper subalgebras
are u(k)⊕ u(n− k), and it is clear that the maximal dimension is at-
tained for k = 1 or k = n − 1. Since the Killing vector field is 1-jet
determined, we conclude that the sub-maximal isometry dimension is
2n+ (n− 1)2 + 1 = dimSU(n) + dimSU(2) = n2 + 2. 
Now the required bound for dim cp(∇g, J) in the Ka¨hler case follows
from the Proposition 5, Lemma 4, the well-known fact that h(g, J) =
i(g, J) if the isometry algebra acts with an open orbit13 and formula (7).
However since the latter estimate has an additional assumption [MR2],
we will give in the next section another proof in the case there exists no
essential projective symmetry (that is a non-affine symmetry for any
choice of g in the c-projective class).
7. Submaximal metric c-projective structures
By Corollary 1 the algebra of c-projective symmetries of a Ka¨hler
metric is bounded in dimension by 2(n2 − 2n + 2). The next example
shows that this bound is realizable by a metric c-projective structure.
Indeed, consider the following pseudo-Ka¨hler metric on Cn (J = i):
g = |z1|
2 dz1 dz¯1 + dz1 dz¯2 + dz¯1 dz2 +
n∑
k=3
ǫk dzk dz¯k (8)
(ǫk = ±1). One easily checks that its Levi-Civita connection coincides
with the connection ∇ of type II given by formula (4), and so the sub-
maximal complex (integrable J) projective structure is metrizable; in
addition by varying the signs ǫk we can achieve any indefinite signature
(2p, 2n− 2p) for the pseudo-Ka¨hler metric, 0 < p < n.
To finish the proof of Theorem 3 we have to show that no Ka¨hler
metric can have more than 2n2−2n+3 linearly independent c-projective
symmetries unless it is c-projectively flat (i.e. has constant holomorphic
sectional curvature). So we let g be Ka¨hler till the end of the proof.
In the case there exists an essential c-projective symmetry (for at least
one g with ∇g ∈ [∇]) the claim follows from the estimates of Section 6.
Thus let us assume that for a Ka¨hler metric g the algebra of c-
projective symmetries coincides with the algebra of (infinitesimal) sym-
metries of the pair (∇g, J): cp(∇g, J) = aff(g, J).
13Indeed, if ϕ∗g = λ · g for a homothety ϕ and x is a fixed point with non-zero
Riemann curvature tensor R, then equality ϕ∗‖R‖2 = λ−2‖R‖2 at x implies λ = 1.
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Fix a point x ∈M at which the curvature tensor R does not vanish,
and consider the holonomy algebra Hx of ∇
g at x. Since ∇g preserves
both g and J , we have Hx ⊂ u(n). By Ambrose-Singer theorem Hx
contains the endomorphisms R(v ∧ w) for v, w ∈ TxM , so Hx 6= 0.
By the (infinitesimal version of) de Rham decomposition theorem
[Ei], we can split TxM = ⊕
m
k=0Πk, where Π0 is the subspace of complex
dimension r0 < n where R vanishes, and the other pieces are irre-
ducible with respect to Hx (all Πk are J-invariant and so have even
real dimensions 2rk). Any Ka¨hler metric, which is equivalent to g via a
complex affine transformation, is obtained from it by a block-diagonal
automorphism diag(A0, c1, . . . , cm), where A0 ∈ GL(Π0, J) and ck 6= 0
are constant multiples of the identity in the corresponding block.
Therefore the isotropy a˜0(x) of the complex affine symmetry algebra
at x consists of block-diagonal endomorphisms
diag(ϕ0, ϕ1, . . . , ϕm) ∈ a˜0(x) ⊂ aff(g, J),
where ϕ0 ∈ gl(Π0, J) is a C-linear matrix of complex size r0 and ϕk ∈
u(Πk, g, J)+R · Id is generated by a unitary transformation of the k-th
block of complex size rk and the standard homothety (scaling of the
metric g). Consequently we obtain
dim a˜0(x) ≤ 2r
2
0 +
m∑
k=1
(r2k + 1) ≤ 2(n− 1)
2 + 2,
with equality iff the de Rham decomposition is (n−1)×1 complex block
and the smaller block is gl(1,C) = u(1)+R (with a homothety). Next,
the upper bound 2n+ a˜0(x) on the symmetry algebra aff(g, J) is sharp
only if the symmetry acts transitively. As recalled at the end of the last
section, a Riemannian metric with an open orbit of the isometry group
has no essential homotheties. Therefore we get the required estimate
dim aff(g, J) ≤ 2n+ 2(n− 1)2 + 1 = 2n2 − 2n+ 3.
Due to the above arguments (and the fact that the homothety algebra
of any non-flat connected 2-dimensional surface has dim ≤ 3) it is now
clear that this upper bound is achieved iff (M, g) is Cn−1×Σ2, where Σ2
is the complex curve equipped with a J-compatible metric of constant
curvature K 6= 0. Theorem 3 is proved.
Remark 4. Let us explain why the submaximal metric structure (8)
is unique up to an isomorphism. We use transitivity of the symmetry
algebra of the corresponding c-projective structure from Remark 1.
Fix a point o ∈M (J is also fixed). Then the metric g and the cur-
vature tensor Rg are determined up to complex affine transformation
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on ToM . In fact, there is an invariant null-complex line (and corre-
spondingly the dual C-line in the cotangent space) fixed by the isotropy,
and if we fix them the isotropy a0 determines (g, Rg) at o uniquely.
Now (M, g) is a symmetric space and so is uniquely determined by
the data (g, Rg) at one point o.
Let us now describe the structure of the symmetric space M40 corre-
sponding to the submaximal (with respect to c-projective transforma-
tions) metric g of (8) (since the cases n > 2 are obtained from this M40
by direct product with Cn−2, it suffices to study n = 2 only). We have
M0 = G/H for some Lie groups G ⊃ H because the symmetry acts
transitively. There are 3 different presentation of M0 as such quotient.
At first, we consider the Lie algebra of c-projective transformations
s with the isotropy a0 of type II from Section 2. This 8D algebra is
solvable with the derived series of dimensions (8, 5, 3, 0). In addition,
it has the Z2-grading: s = s− + s+, [sǫ1, sǫ2] ⊂ sǫ1ǫ2. In a basis {ei}
4
i=1
of s+ = a0 and a basis {ei}
8
i=5 of s− the structure equations write:
[e1, e3] = e3, [e1, e4] = e4, [e1, e5] = 2e5, [e1, e6] = 3e6, [e1, e7] = −e7,
[e2, e5] = e5, [e2, e6] = e6, [e2, e7] = −e7, [e2, e8] = −e8,
[e3, e5] = e6, [e3, e7] = e8, [e4, e5] = e6, [e4, e7] = −e8, [e5, e7] = e3.
Thus M0 = G
8
c/H
4
c , where G
8
c = exp(s), H
4
c = exp(s+).
Second, consider the groupG6k of holomorphic isometries, i.e. symme-
tries of the pseudo-Ka¨hler structure (g, J). This group is also solvable,
with the derived series of dimensions (6, 5, 3, 0) and the Abelian stabi-
lizer H2k . Again there is Z2-grading and the structure equations of the
Lie algebra s′ in an adapted basis {ei}
2
i=1 of s
′
+, {ei}
6
i=3 of s
′
− are:
[e1, e3] = −e3, [e1, e4] = e4, [e1, e5] = −e5, [e1, e6] = e6,
[e2, e5] = e3, [e2, e6] = e4, [e5, e6] = e2.
Thus M0 = G
6
k/H
2
k , where G
6
k = exp(s
′), H2k = exp(s
′
+).
Finally consider the isometry group G8i of g with the stabilizer H
4
i ≃
GL(2,R) (the center e4 acts by homothety). The group is the semi-
direct product SL(2,R)⋉ exp(r5), where r5 is the 5D Lie algebra given
with the basis {ei}
8
i=4 given by the relations
[e4, e5] = e7, [e4, e6] = e8, [e5, e6] = e4.
In the basis {ei}
3
i=1 of sl(2): [e1, e2] = −2e2, [e1, e3] = 2e3, [e2, e3] = e1,
the representation is given by
[e2, e5] = e6, [e2, e7] = e8, [e3, e6] = −e5, [e3, e8] = −e7
and the action of e1 is induced. The Z2-grading of the resulting Lie
algebra s′′ = Lie(G8i ) is s
′′
+ = 〈ei〉
4
i=1, s
′′
− = 〈ei〉
8
i=5, and M0 = G
8
i /H
4
i .
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Appendix A. Some details on the model for type III, n = 2
We found the c-projective structure (M4, J, [∇]) of curvature type
III with 8 symmetries using parabolic geometry machinery and Car-
tan’s equivalence method. Our computations exploited the packages
DifferentialGeometry and Cartan in Maple.
A.1. Structure equations. We first derived the structure equations
for the normal Cartan geometry (G → M,ω) of type (G,P ), n = 2.
For the basics of parabolic geometry machinery we refer to [CS].
The curvature 2-form K = dω + 1
2
[ω, ω] ∈ Ω2(G; g) yields the cur-
vature function κ : G → Λ2p+ ⊗ g via the Killing form identification
(g/p)∗ = g1 = p+. Normality means ∂
∗κ = 0, where ∂∗ : Λ2p+ ⊗ g →
p+ ⊗ g is the Kostant codifferential. Call K = ker ∂
∗ the curvature
module. The unique grading element Z ∈ g0 ∼= gl(2,C) stratifies K
into homogeneities, and we decompose each into g0-irreps:
Homogeneity g0-module decomposition dim
+3 V4(1) ⊕ V4(2) ⊕ V4(3) ⊕ V12 24
+2 V16 ⊕ V8 ⊕ V6 ⊕ V2 32
+1 V4(4) 4
Here, dimR(Vi) = i. The harmonic curvature corresponds to the mod-
ules V4(1), V16, V4(4), which comprise ker(), where  = ∂∂
∗+∂∗∂ is the
Kostant Laplacian (and ∂ is the Lie algebra cohomology differential).
Let Ejk denote the 3 × 3 matrix with a 1 in the (j, k) position and
0 otherwise, and let Fjk = iEjk. Decompose into real and imaginary
parts, ω = θ + iη ∈ Ω1(G; g), and impose a trace-free condition, say
ω22 = −ω11 − ω33. The structure equations are
dθjk = −θjl ∧ θlk + ηjl ∧ ηlk + ℜ(Kjk)
dηjk = −ηjl ∧ θlk − θjl ∧ ηlk + ℑ(Kjk).
The 2-forms Kjk ∈ K are obtain by via the duality
E12 7→ θ21, F12 7→ −η21, E13 7→ θ31, F13 7→ −η31.
In particular,
K21 = (A1 − iA2)ω21 ∧ ω31 + . . . , K31 = (A3 − iA4)ω21 ∧ ω31 + . . .
where A1, ..., A4 : G → V4(4), and similarly for the coefficients B1, ..., B32,
C1, ..., C24 of the other modules Vj(k). The first structure equations are
dA1 = (θ33 − θ11)A1 + (5η11 + η33)A2 − θ23A3 − η23A4 + α1
dA2 = −(5η11 + η33)A1 + (θ33 − θ11)A2 + η23A3 − θ23A4 + α2
dA3 = −θ32A1 − η32A2 − (2θ11 + θ33)A3 − (−4η11 + η33)A4 + α3
dA4 = η32A1 − θ32A2 − (4η11 − η33)A3 − (2θ11 + θ33)A4 + α4
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where αi are semi-basic 1-forms, i.e. linear combinations of base forms
θ21, η21, θ31, η31. Writing dαi = δAi + αi, the δAi terms describe the
infinitesimal vertical change of these coefficients under the P -action.
A.2. Derivation of the model. We follow the method introduced by
Cartan [C2] (for a more detailed explanation see [DMT]) to normalize
curvature under the (vertical) action of the structure group.
In our case if the NJ 6= 0, we obtain the normalization
A1 = 1, A2 = A3 = A4 = 0,
forcing the relations
θ33 = θ11 − α1, η33 = −5η11 + α2, θ32 = α3, η32 = −α4.
The residual structure group is now 8-dimensional and still contains
P+. On coefficients in the V6 and V2 modules P+ induces translation
actions on four coefficients, these can all be normalized to zero. This
reduces the bundle to (E → M,S), where S ⊂ P is a 4-dimensional
subgroup, and E comes equipped with:
• an S-equivariant coframing: ω21, ω31, ω11, ω23;
• a vertical distribution V = 〈ω21, ω31〉
⊥;
• an S-connection γ with horizontal distribution H = 〈ω11, ω23〉
⊥.
The symmetry algebra of the c-projective structure is bounded by 8 =
dim E . For this bound to be sharp, S must act trivially on curvature
coefficients. This forces the vanishing of many parts of the curvature
function. Indeed, after resolving all integrability conditions, we found
that there is a unique model with 8 symmetries, and for it κ|E has
non-trivial components only in V4(4) and V8. Here are the structure
equations:
dω21 = −ω23 ∧ ω31 + 3ω11 ∧ ω21 + 6ω21 ∧ ω31
dω31 = 6iIm(ω11) ∧ ω31
dω11 = 3ω31 ∧ ω31
dω23 = −27ω21 ∧ ω31 + 3ω11 ∧ ω23 − 12iIm(ω11) ∧ ω23
The embedding relations and the structure algebra are:
ω12 = ω32 = 0, ω13 = 15ω31, ω33 = ω11 − 6iIm(ω11)
a0 + ia1 0 00 −2a0 + 4ia1 b0 + ib1
0 0 a0 − 5ia1

 , ai, bi ∈ R. (9)
Let Wjk = ejk + ifjk be the dual framing on E . Then
f21 ⊗ θ21 − e21 ⊗ η21 + f31 ⊗ θ31 − e31 ⊗ η31
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is pullback of the almost complex structure J on M . The minimal
complex connection ∇ can be read off from the principal connection γ.
Viewing TM ∼= E ×S V ≃ R
4 we integrate the structure equations
and obtain the model in coordinates as indicated in Section 3.
A.3. Deformation approach. Another approach to get a sub-maximal
model is to deform a graded sub-algebra of g by preserving its filtered
Lie algebra structure, but destroying the grading [K3, KT].
In our case the graded sub-algebra aφ = g− ⊕ a0 ⊂ g has complex
matrix representation (α = α1 + iα2, β = β1 + iβ2, νk = ν
1
k + iν
2
k ∈ C)
aφ ∋ A =

 α 0 0ν1 3α¯− 2α 0
ν2 β α− 3α¯


(notice lower-triangular form vs. the upper-triangular form for the
2 × 2 block of the structure algebra in (9) operating with the highest
weight vector; they are conjugate by interchanging indices 2,3) and
we get basis by decomposition A =
∑2
j=1(α
jaj + β
jbj + ν
1
j v
′
j + ν
2
j v
′′
j );
g− = 〈v
′
1, v
′′
1 , v
′
2, v
′′
2〉 has grade −1 and a0 = 〈a1, a2, b1, b2〉 has grade 0.
The algorithm of deforming the Lie algebra structure on aφ via the
lowest weight vector here fails. However the deformation exists. To
find it let us deform the structure constants respecting the filtration
on aφ (i.e. brackets [a0, a0] are fixed, [g−, a0] can be changed by a0 and
[g−, g−] can be changed by everything), the Jacobi identity imposed.
This deformation has several branches (some with other types cur-
vature), one of which is (λ is the deformation parameter):
[a1, b1] = −3b1, [a1, b2] = −3b2, [a2, b1] = 9b2, [a2, b2] = −9b1,
[a1, v
′
2] = −3v
′
2, [a1, v
′′
2 ] = −3v
′′
2 , [a2, v
′
1] = −6v
′′
1 , [a2, v
′′
1 ] = 6v
′
1,
[a2, v
′
2] = 3v
′′
2 , [a2, v
′′
2 ] = −3v
′
2, [b1, v
′
1] = v
′
2, [b1, v
′′
1 ] = v
′′
2 ,
[b2, v
′
1] = v
′′
2 , [b2, v
′′
1 ] = −v
′
2, [v
′
1, v
′′
1 ] = 6λ
2a2,
[v′1, v
′
2] = 6λv
′
2 − 27λ
2b1, [v
′
1, v
′′
2 ] = −6λv
′′
2 − 27λ
2b2,
[v′′1 , v
′
2] = −6λv
′′
2 + 27λ
2b2, [v
′′
1 , v
′′
2 ] = −6λv
′
2 − 27λ
2b1.
(notice that in the non-graded case λ 6= 0, we can rescale λ = 1).
These relations determine the Lie algebra f with subalgebra k =
〈a1, a2, b1, b2〉 ≃ a0. The simply-connected Lie group F of f contains the
Lie subgroup K with Lie(K) = k. As such we can take the normalizer
in F of g− with respect to the adjoint action (for λ 6= 0).
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The homogeneous spaceM4 = F/K has F -invariant (non-integrable)
almost complex structure J given by Jv′j = v
′′
j . Moreover M has F -
invariant projective connection [∇] given by the Cartan bundle con-
struction [KT, Lemma 4.1.4]. Since for non-zero values of the param-
eters the symmetry algebra is non-graded, the obtained c-projective
structure (J, [∇]) is not-flat (aφ is not filtration-rigid, see [KT, Propo-
sition 4.2.2]) and hence it is sub-maximal symmetric with the symmetry
algebra Sym([∇], J) = f of dimension 8.
Appendix B. Uniqueness of the submaximal structures
Classification of submaximal symmetric structures can be an extrem-
ely difficult problem depending on the geometry in question14. There
does not exist any general result in this direction in the literature, but
for c-projective structures we can confirm the uniqueness as follows.
B.1. Classification of submaximal c-projective structures. Sub-
maximal c-projective structure of type II is unique up to an isomor-
phism. Indeed, by the result of Section 2 the stabilizer of the symmetry
algebra (up to isomorphism) is equal to a0. As explained in [K3, KT],
the symmetry algebra s is filtered with the corresponding graded alge-
bra being aφ = g− ⊕ a0.
The process of recovery of s from its subalgebra a0 and the action of
a0 on s/a0 = g− is described as follows: one has to introduce indetermi-
nate coefficients of the undetermined commutators and then constrain
these coefficients by the Jacobi identity.
Though in general this is quite a complicated system of quadratic
equations, in our case many linear equations that occur allow to resolve
it. We used Maple to facilitate the heavy computation. All cases n ≥ 2
follow the same pattern, and as the output we obtain a 1-parameter
Lie algebra structure s˜(t).
If the parameter t = 0 we get the graded algebra aφ, while the case
t 6= 0 reparametrizes to t = 1 corresponding to the symmetry s of (4).
Thus there are only two cases to consider.
Contrary to the non-exceptional parabolic geometries the possibility
of graded symmetry algebra does not imply flatness of the c-projective
structure (compare [KT, Example 4.4.3]).
Therefore on the next step we look for c-projective structures invari-
ant with respect to aφ = s˜(0) and s = s˜(1). Such structures are unique
and are: flat and (4) in the first/second cases respectively. This proves
the claim for type II structures.
14Maximal symmetric structures are unique in parabolic geometry, but descrip-
tion of all such for more general structures can be quite intricate.
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Submaximal c-projective structure of type I is also unique up to an
isomorphism. This is actually a holomorphic version of the uniqueness
of Egorov’s submaximal (real) projective structure. Such result was
expected by experts, but Egorov’s paper [E1] does not contain an in-
dication of this result. Therefore we have verified it directly by the
method described for type II (note that our computation applies to
both smooth real and complex analytic cases).
Here everything is similar, but the pattern holds for the cases n > 2
and the Maple computation asserts the result. The case n = 2 is an
exception, and we refer the reader to [Tr, K2] for the discussion of the
smooth situation, in which case there are two submaximal models. The
analytic case is similar but the two models glue because ± arising in
the smooth case can be renormalized over C. As the conclusion we
obtain unicity for type I submaximal structures.
A computer verification shows that submaximal c-projective struc-
ture of type III is also unique up to an isomorphism for n > 2, but the
case n = 2 for type III is an exception, and here the uniqueness of the
submaximal c-projective structure follows from the Cartan equivalence
method as described in Appendix A.
B.2. Metrics with the submaximal c-projective symmetry. Let
us compute all metrics c-projectively equivalent to the pseudo-Ka¨hler
metric g given by (8). These are precisely those metrics that solve
the metrizability equation for the c-projective structure (4), and their
number is equal to the dimension of the solution space of (6), i.e. the
degree of mobility of this metric: D(g, J) = Dsub.max = (n− 1)
2 + 1.
To find these equivalent metrics let us compute the space of all par-
allel 1-forms:
dz2, . . . , dzn; dz¯2, . . . , dz¯n (10)
(these already split into (1, 0) and (0, 1) type respective to J). Since
cp(∇g, J) = aff(g, J) the required metrics are linear combinations of g
and (1, 1)-type quadrics in the forms (10) (the coefficient of g in such
combination has to be nonzero by nondegeneracy).
Indeed, dimension of the space of such combinations is (n− 1)2 + 1,
and since this number equals Dsub.max, there exists no other metric that
is complex affine equivalent to the metric g. Thus the general metric,
c-projectively equivalent to g (up to scaling) is equal to
gˆ = |z1|
2 dz1 dz¯1 + dz1 dz¯2 + dz¯1 dz2 +
n∑
k,l=2
ckl dzk dz¯l (clk = ckl),
and we again confirm that a pseudo-Ka¨hler metric gˆ with submaximal
number of c-projective symmetries cannot be of Riemannian signature.
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